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Petrov-Galerkin Finite Elements in Time for
Rigid-Body Dynamics

Marco Borri* and Carlo Bottasso^
Politecnico di Milano, 20133, Milan, Italy

The problem of rigid-body rotational dynamics is examined in the context of a novel Petrov-Galerkin mixed
finite-element-in-time formulation. The present approach crucially differs from other formulations in the choice
of the test functions that weight the constitutive equations in an integral average sense. Within this framework,
two second-order accurate time-stepping algorithms are derived: the first attains a slightly greater accuracy than
the second when compared with the analytical solution of a free-tumbling rigid body with an axis of material
symmetry, but in general it does not preserve energy for force-free motion; the second is marginally less accurate,
but it is associated with a discrete conservation law of the kinetic energy. Numerical simulations are presented that
confirm the results of the analysis and illustrate the excellent performance of the proposed numerical approach.

V
Vi
H
//(.
h

J
k

I
M
m
(0,1,)

r
s
T
t
u
V l , V 2

W8
X
x
Of

B
Af

Nomenclature
= time domain, [0, T]
• time element, [f/, f/+i]
= Hamiltonian function
= operator defined in Eq. (32)
: angular momentum vector
= 3 x 3 identity matrix
= axial and transverse inertia
= spatial inertia dyadic
= axis of rotation
= operator defined in Eq. (59)
= linear momentum vector

= mass
= external torque
= fixed frame of origin O,i = 1,2, 3
= embedded frame of origin P, / = 1, 2, 3
= rotation tensor associated withi/f
= inverse rotation operator
= residual
= external force
= kinetic energy
= time
= linear velocity
= test functions
= virtual work of external torque
= incremental rotation, t~a> Af
= position vector of P in (0, i/), P — Q
= direction cosine matrix
= rigid body
= time step, ti+i — f/
= tensor defined in Eq. (4)

<$(.), d(-) = variation, increment
8°(>) = corotational variation
9S = virtual rotation
LI, ii+i = nodal impulses
£ = nondimensional coordinate in £>/, 0 < £ < 1
Q = density of B
\/f = rotation vector, i/sk
\/s = modulus of rotation, V^'^
co = angular velocity
(•) = derivative with respect to time, d(-)/dt

Received Jan 26, 1993; revision received Nov. 29, 1993; accepted for
publication Nov. 29,1993. Copyright © 1994 by the American Institute for
Aeronautics and Astronautics, Inc. All rights reserved.

* Professor.
t Graduate Research Assistant; currently Post-Doctoral Research Assis-

tant, Scientific Computation Research Center, Rensselaer Polytechnic Insti-
tute, Troy, NY 12180-3590.

(-)b = boundary quantity
(•)/ = quantity pertaining to time f/
(.)0) = quantity pertaining to y'th step

Introduction

T HE development of time integration schemes for rigid-body
dynamics has stimulated the work of a number of authors over

the years.1"5 The interest in the solution of equations involving finite
rotations is motivated by the applicability of such approaches to the
exploding research area of multibody dynamics and to nonlinear
structural dynamics problems, where finite element models of rods,
beams, and shells result in rotational degrees of freedom described
in terms of orthogonal matrices.

The problem of evolution in the orthogonal group is examined in
this work in the context of a mixed Petrov-Galerkin finite-element-
in-time formulation. The finite-element-in-time methodology has
several distinguishing features. First, it has a physical appeal and
a firm theoretical foundation, because it corresponds to a perfectly
coherent impulsive view of dynamics in which forces acting on the
system are transformed by the shape functions in equivalent (in an
energy sense) impulses acting at discrete time instants. Moreover, for
force-free motion, conservation of momentum is naturally achieved
for any choice of the shape functions. This is in direct contrast
with the difficulties experienced by other approaches to guarantee
this fundamental conservation property.5'6 In addition, it allows the
treatment of both initial-value and boundary-value problems within
the same unified framework. This unique characteristic readily al-
lows the analysis of periodic-in-time systems and the development
of linearized stability analyses about a reference configuration. This
peculiarity lias made the finite element in time a preferred analysis
tool for rotor dynamics. Furthermore, the algorithms developed in
the context of the finite-element-in-time methodology do not need
to compute the acceleration, an additional computational advantage.

Starting from Hamilton's weak principle expressed in mixed
form, the approach developed in this work crucially differs from
other formulations in the choice of the test functions that weight
the constitutive equations in an integral average sense. We propose
a particular nonlinear choice of these shape functions that ensures
noteworthy features to the resulting algorithms. The numerical ap-
proximation is based on a computationally convenient two-node
finite element denoted by constant angular velocity and constant
angular momentum within the time element, and the numerical im-
plementation is based on an original updated Lagrangian compu-
tational procedure. Within this context, two different second-order
accurate time-stepping algorithms are developed: the first, referred
to as Algorithm 1 in what follows, is obtained when the integrals
appearing in the weak form of the constitutive equations are evalu-
ated analytically, whereas the second, referred to as Algorithm 2, is
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obtained when the same integrals are approximated with the use of
the trapezoidal rule.

The numerical characteristics of the proposed integration
schemes seem to be in some way complementary: the first attains a
slightly higher accuracy than classic polynomial formulations when
compared with the analytical solution of a free-tumbling rigid body
with an axis of material symmetry, but in general it does not preserve
energy for force-free motion; the second is marginally less accurate
than the first, but it is associated with a discrete conservation law
of energy, which ensures unconditional stability according to the
energy method.

An outline of the paper follows. We review some elementary
notions related to the kinematics and dynamics of rigid bodies, in
order to introduce the appropriate notation. The constitutive equa-
tions and the equations of momentum balance are discussed, to-
gether with appropriate initial conditions that complete the state-
ment of the initial-value problem in the phase space. Then, we
develop a weighted residual form that is well suited for numeri-
cal approximation, and we show that this weak form can be put
in correspondence with a variational principle, namely Hamilton's
weak principle. Suitable shape functions for approximating the in-
dependent fields are introduced, together with appropriate spaces
for the weighting functions. The subsequent sections are devoted to
the formulation and analysis of the proposed algorithms, and details
are given of their linearization and step-by-step implementation. Fi-
nally, some numerical simulations are presented that illustrate the
excellent numerical characteristics of the proposed time-stepping
procedures and confirm the results of the analysis.

Kinematics and Dynamics of a Rigid Body
In the following, some elementary notions related to the kine-

matics of rigid bodies are briefly discussed in order to introduce the
appropriate notation. More complete expositions can be found in
classic textbooks, e.g., Refs. 7-9.

Let (0, i,) (i = 1, 2, 3) be an inertial frame of origin O and
(P,ei)(i = 1,2, 3) a frame embedded in the rigid body B. Particles
Q of the rigid body are denoted by the distance vector Q — P. For
convenience and without any loss of generality, we consider the
origin of the embedded frame to be located in the center of mass of
B, i.e., fBp(Q- P)dB = 0, Q being the density of B.

At any time t e [0, T] c 7£+, the placement of the body frame
is completely identified by the position vector x(t) = P — O of
its origin P with respect to the origin O of the inertial frame and
by the direction cosine matrix a(t) according to the relation et(t)
= a(t) • ii(i = 1, 2, 3). The term a(t) is an orthogonal transforma-
tion (a (t) € SO(3)W 6 [0, T]) and hence enjoys the orthogonality
property a(t) -ctT(t) = I.

Letting a(0) = a0 be the direction cosine matrix that identifies
the orientation of the embedded frame at t = 0, the direction cosine
matrix a(t) at the generic time instant t is obtained by a rotation t/r
of «o as

(1)

R(^r)being the rotation tensor corresponding to i/f. The rotation may
be conveniently expressed as \l/ = ^ • k, ̂  being the magnitude of
rotation and k the rotation axis. In terms of i/r, the rotation tensor R
may be expressed through the exponential map as

(2)

The angular velocity co is related to the rate of the rotation vector
d\///dt through the tensor F, which itself depends on i/r, i.e., co = F
(VO • T/r, whereas the linear velocity simply writes u = x. [The term
(:) = d(-)/dt denotes derivative with respect to time.] The closed-
form expression of the series (2) and of the tensor F are respectively

(3)

(4)

where
sim/r

a = ———

1 — COS T/f

C= ^2(1""f l)

The linear momentum / and the angular momentum h take the form

l = M-u (5)

h=J CD (6)

Here M — fg Q dB is the total mass of the body and J = — L Q
(Q - P) x «2 - P) x IdB is the spatial inertia dyadic. It should be
remarked that, although the spatial inertia dyadic / is time variant,
the convected inertia dyadic / = aT • J - a is constant.

The equations of linear and angular momentum balance with
respect to the center of mass are

h = m

(7)

(8)

s being the external force and m the external torque relative to the
center of mass.

Eventually, in order to complete the statement of the initial-value
problem in the phase space, we consider initial conditions of the
form

(9)

(10)

and

w(0) = MO

ft>(0) = Ct)Q

(11)

(12)

In the following, we will restrict our attention to the rotational
dynamic problem, governed by the constitutive equation (6), an-
gular momentum balance equation (8), and initial conditions (10)
and (12).

Weak Forms for Rigid-Body Dynamics
The constitutive equation (6) and momentum balance equation

(8) can be cast in a weighted residual form that is well suited for
numerical approximation. Preliminarily to the development of the
weak form, consider the following partition of the time domain
V = [0, T]:

0 = ti < h < - • • < tn+i = T

and let P, = [f,-, ti+i] be a typical time element, Af, = ti+i — ti
being the time step.

We look for a weak solution of the initial-value problem in T>i
defined by the initial conditions a(f/) =•«/, h(ti) = A/, considering
the following weighted residual form:

/"Jt;

i - (o)-J~l h) - v2 - (h-m)]dt = 0 (13)

n=0
v\ being the test functions that weight the costitutive equations and
V2 the test functions that weight the momentum balance equations.
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Integration by parts of the term ft'l+l v2-hdt relaxes the continuity
requirements of the trial functions h and leads to

rJn
(14)

The term (•)& denotes boundary quantities pertaining to the boundary
time instants tt and f/+1, implying that in general hbi differs from
h(ti) and hbi+l differs from A(f/+i), as shown in Ref. 10. For a
discussion on the meaning of boundary terms in weak forms for
dynamics, refer to Ref. 11.

It seems interesting to remark that the weak form (14) can be put
in correspondence with a variational principle. The kinetic energy
T of a rigid body can be expressed in the form

r = \co- (15)

whereas the angular momentum conjugate with a> is h = 3T/da>.
Introducing the Hamiltonian function H = h -co — T associated
with T and co, the kinetic energy can be alternatively expressed as

T = h • co - \h J~l (16)

Consider a configuration of the rigid body B identified by the direc-
tion cosine matrix a. Consider now a varied configuration, denoted
by 8a = Os xa,9& being the virtual variation that brings a in See. (In
this work, the notation 9s has been preferred to that of 80 to signify
that Os cannot be interpreted as the variation of true coordinates.)
Variation of the kinetic energy expressed in Eq. (16) is written

8T = (17)

The term 8°(-) denotes corotational variation, which reads for a
vector 5°(-) = a-8[aT(-)] and it is consequently related to the
variation <$(•) through the expression

The corotational variation is defined for a second-order tensor as
<$°(.) = a. • 8(aT - (•) • a) • aT. The corotational variation can be in-
terpreted as a three-step procedure: first, the quantity to be varied is
pulled back along the flow, then the variation is taken, and eventually
the result is pushed forward to the current position. It is immediate
to prove that the corotational variation of the angular velocity coin-
cides with the absolute time derivative of the virtual rotation, i.e.,

d
8°co = 8a) - 6S x co = —6S (19)dt

The virtual work Ws of the external torques m is then

Ws=9s-m (20)

(The notation Ws is preferred here to 8W, emphasizing that Ws
is not in general a virtual change of any functional W.)

It appears clear at this point that, interpreting the test functions
Vi and v2 as Vi = 8°h and v2 = 9s, one gets, from Eq. (14), the
following weak form:

'/

(21)

which corresponds to the well-known Hamilton weak principle

f\ i I'i+if (22)

The form expressed in Eq. (21) is a mixed form, in the sense that
rotations and momenta represent two independent fields and the
constitutive relation h = J - a> is only weakly enforced.

Introducing suitable shape functions for approximating the inde-
pendent fields and selecting appropriate spaces for the weighting
functions, this form provides the basis for developing effective inte-
gration algorithms for rigid-body dynamics.4 This crucial point will
be the topic addressed in the next section.

Finite Element Approximation
In this section we propose simple but effective choices of the test

and trial functions appearing in the governing weak form (21), which
provide remarkable numerical properties to the resulting integration
algorithms. The numerical implementation is based on an updated
Lagrangian procedure, in the sense that rotations of the rigid body
B in T>t are measured from the orientation defined by the direction
cosine matrix ot(ti) = a/. Then, the direction cosine matrix at the
generic time instant t € T>j is given by

X being the incremental rotation that brings or, in a.
We consider a constant angular velocity within the time interval;

hence the rotation x is parallel to co and can be expressed as the
linear function x = £<w Af, £ being a nondimensional coordinate
in X>/ (0 < £ < 1). Analogously, we consider a constant angular
momentum h within £>/.

The interpolation of the virtual rotation 9s needed for evaluating
the contribution to virtual work of the external torques is selected
to be the following linear interpolation of the nodal values 0&. and
°*w:

So far, this is the classic polynomial interpolation of the independent
fields for a two-node element, as used, e.g., in Ref. 3. We depart from
this standard approach in the selection of the test functions 8°h that
weight the costitutive equation in an integral average sense. In the
spirit of a Petrov-Galerkin approximation, we propose, in this work,
a nonlinear interpolation of 8°h, expressed as

(25)

hs being a constant nodal value.
With this choice of test and trial functions, the discrete equations

of motion resulting from the weak form (21) are written as

h — hbi + it

hbi+i = h + Li+

cti+i = R(co Af ) • a/

i being the spatial inertial dyadic at time f/ and

H = I d -'
Jo

i/+i = / $
Jo

A/ d£

(26)

(27)

(28)

(29)

(30)

(31)

are the impulses acting at time nodes t; and f,+i, respectively. One
can use a linear interpolation of m for the evaluation oft,- and ii+\,
setting m(£) = (1 - l)jn(tj) + £/w(f/+1). In Eq. (28),

(32)H(co Af) =

is understood.
We make the following remarks:
1) In the absence of external torque, the discrete algorithmic prob-

lem defined by Eqs. (26-29) guarantees the conservation of angu-
lar momentum. To prove this conservation property, set m = 0 in
£>,, and hence is = ii+l = 0. Then, from Eqs. (26) and (27) it is
immediately obtained that momenta are continuous at the element
boudaries, according to the expression hbi = h = hbi+l.

2) The discrete equations of motion (26-29) correspond to a con-
sistent impulsive view of dynamics. If a forcing function is acting on
the system, it is weighted by the shape functions and it is transformed
through relations (30) and (31) in equivalent (in an energy sense)
impulses at the time nodes tt and ti+i. The first impulse if causes
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a jump discontinuity at time £/ that transforms the initial angular
momentum hbi in h, according to Eq. (26). Then the body travels in
torque-free motion at constant angular momentum until time f,-+i,
when the second impulse ii+i causes a second jump discontinuity
from h to hbi+l, as shown by Eq. (27).

3) When the external torques are configuration independent, the
discrete momentum balance equations (26) and (27), linear in the
unknown momenta h and hbi+l, are fully decoupled from Eq. (28).

In the following, two algorithms are proposed that differ in the
evaluation of the integral H(co At).

Algorithm 1
The first algorithm is based on the exact evaluation of the integral

H(co At) = JQ RT(x) d£. From the expressions of the tensors R
and F, it is immediate to prove that

(33)

Then, the algorithmic problem is defined in D/ by the following set
of discrete equations:

h = hbi + if

hbi+i =h + i f+i

)=J~l -rT(coAt)'h

ttf+i = R(co At) • off

(34)

(35)

(36)

(37)

where the initial data a, and hbi at time f,- are known.
We remark the following:
1) As previously shown, this algorithm conserves the angular

momentum for torque-free motion, but in general it does not preserve
the kinetic energy.

2) The algorithm is convergent and second order accurate. A
numerical check of this assertion will be given in the following.

3) Equation (36) is nonlinear in CD, and hence a consistent lin-
earization is needed for numerical implementation in order to resort
to a Newton-Raphson-like iterative procedure.

Algorithm 2
The second algorithm is based on the approximate solution of the

integral H(co At) = fQ RT(x)d% using the trapezoidal rule, which
gives

H(co AO w \ [RT (a) At)-}-1] (38)

The algorithmic problem in £>/ is defined by the following set of
discrete equations:

h = hbi + it

hbi+i = h + Li.

co = i/r1. [i

ai+i = R(co At) • at

(39)

(40)

(41)

(42)

where the initial data a, and hbi are given.
All the remarks made for Algorithm 1 are valid even in this case,

except that Algorithm 2 preserves energy for torque-free motion.
In order to see this, let the applied torque in £>/ be m = 0. Prelim-
inary to the proof of the energy conservation property, define, for
convenience,

coi+i = J7+i -h

and recall that det(/£ — /) = 0, i.e., the rotation tensor has one
real unit eigenvalue, whose corresponding eigenvector is the axis of

rotation. Hence co — R(coAt) • co = 0, and from Eq. (41) we get

2[o> - R(a) AO • o>] = [/r1' (RT(<» A0 + 7]

- R(co AO -Jf1 • [RT(u AO + /)] • h

= RT(a> AO • &>f+i + <£f — <Wf+i — R((o At) • a)i

= 0 (43)

and consequently

coi — coi+i = R(a> At) • a>i — RT (co At) • coi+\

= [R(o) At) • J7l -J-1 .RT(co At)] h (44)

With this expression at hand, we are now in a position to prove
the conservation of energy. The kinetic energy jump in D,- may be
written as

2(7} — 7f+i) = hbi (45)

which can be expressed, recalling the angular momentum conser-
vation property, as

2(Ti-TM)=h-(&i-a>i+l) (46)

From Eqs. (44) and (46), the discrete conservation law

2(7} - Ti+i) = h-R(a> At) jr1 ./i - h J~l -RT(a) At) h == 0
(47)

immediately follows. This result implies unconditional stability ac-
cording to the energy method.

Linearization of Algorithms
The discrete constitutive equation (28) is clearly a nonlinear func-

tion of the angular velocity co. Therefore, a consistent linearization
of the algorithmic problem is needed for numerical implementa-
tion in order to resort to a Newton-Raphson-like iterative solution
strategy.

Consider first the linearization of the discrete momentum balance
equation (26), which is straightforward and is written as

h + d/i = hbi + Li + di/ (48)

where

I
Jo

Clearly, the term d/w cannot be specified further without any knowl-
edge of the nature of the external torques. We remark that Eq. (27)
can be used for recovering the boundary momentum hbi+l once at
convergence and hence need not to be linearized.

Consider now the linearization of the discrete constitutive equa-
tion (28). To this aim, we develop the expression of the virtual
variation of the constant angular velocity in £>,, which can be put
in relation with its infinitesimal increment expressed in terms of the
incremental rotations at the boundary nodes / and i + 1. We recall
that the direction cosine matrix at the generic time instant t e £>/ is
given by

«(*)=

and hence

or, alternatively, by definition

Taking advantage on the fact that

(49)

(50)

(51)
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one gets, from Eqs. (50) and (51),

and that the virtual rotation xs is related to the virtual change of the
rotation vector 8x through the relation

*X (53)

(54)

Evaluating Eq. (54) at time ti+i , one immediately gets the expression
of the virtual variation of the angular velocity as

(55)

(56)

where it has been made use of the property

R = r~T - r = r • r~T

From expression (55), the increment of angular velocity dco for
an initial-value problem is written as

dco = — (57)

0d,+1 being the incremental rotation at time node i + 1. (For an
initial-value problem, a\ is given. This implies 0&. = 0.)

With this result at hand, the linearization of Eq. (28) is simply
written as

[/-/r1 -L(a)At,h)At\ •r~1(<wAf)-0d l-+1

= -At[co - jrl >H(a)At) • (h + dh)] (58)

5r, v) being the directional derivative of H(\jf) applied to the
generic vector v, i.e.,

dH(if). v = L(\ls, v) - (59)

Step-by-Step Implementation of Algorithms
Details of the step-by-step implementation of the proposed algo-

rithms are given in the following. For simplicity, we do not consider
the linearization of the configuration-dependent external torques.

1) Data available from converged solution at time step i — 1:
angular momentum hbi, direction cosine matrix a/, and additional
data — inverse of spatial inertia dyadic /r1 .

2) Prediction phase: Predict direction cosine matrix a/+i at time
ti+i at constant angular velocity: Evaluate angular velocity at time
tj (cob. — J^~l- hbi) and perform prediction [a/^ = R(a)b. Af) • a/].

3) Iteratively solve linearized discrete equations of motion:

i) Until error s < tolerance, do steps 1-9:
1) increment iteration counter, j <- j + 1;
2) R(a)(»At) = ot\^-ctJ',
3) compute angular velocity, co(j) At = K~l[R (co(j)At)]
4) evaluate nodal impulse at time f/, i^ = | At m(tt)+ g

5) compute internal angular momentum, h(j) = hbi + i[7)

6) compute residual, r0) = co(j} At - /r1 . H(co(j) At) -

7) evaluate error, e = \\r(j}\\;
8) compute incremental rotation at time ti+\,

(o>W At) • [/-/r1 L (o>W At,h(J~V) Af]
9) update direction cosine matrix at time ti+\9 a

— — F
; and
= R

ii) Evaluate nodal impulse at time f/+1: ii+\ = \ At m(tt) + |
Atm(ti+l).

iii) Recover boundary angular momentum: hb.+l = /i(;) + ii+\.
iv) Update inverse of spatial inertia dyadic: jr^ = R(co(i)

A o - j 1 -RT (^(j} At).

4) Begin new time step.
At step 8 of the iterative Newton-Raphson procedure, one

can use the approximate form 0^ = — r(a)(j)At) -r(;) in or-
der to compute the incremental rotation at time ti+\ if the term
/f l • L(co(j}At, h(j~l))At is small when compared to 7.

We remark that periodic-in-time problems can be readily treated
within this context: assuming a period of time T = [t\, t2] and
assembling a suitable number of time elements in T, the solution is
simply obtained by enforcing the appropriate periodicity conditions

Numerical Studies
This section focuses on the evaluation of the numerical perfor-

mance of the two algorithms developed in this work. Two relevant
example problems are addressed: the first deals with the force-free
tumbling of a rigid body with an axis of material symmetry, and
it is used for evaluating the accuracy of the algorithms as well as
showing their convergence rates; the second is concerned with the
unstable motion about the axis of intermediate moment of inertia,
and it is here addressed to show the discrete conservation properties
of the algorithms.

Torque-Free Rigid Body with Axis of Material Symmetry
This problem represents a very convenient benchmark for every

formulation for rigid-body dynamics, since the analytical solution
is well known.

The problem statement for the free-tumbling body is the same
as that of Ref. 3: the ratio of transverse to axial inertia is Jt/Ja
= 1 .875, the angular velocity is 15 rad/s about the axis of symmetry
and 10 rad/s about the transverse axis, and the time step length At
= 0.015 s. Three different integration schemes have been consid-
ered: Algorithms 1 and 2 developed in the preceding sections and a
two-node mixed finite element in time developed in Ref. 3. Besides
the updated Lagrangian implementation, this latter finite element
crucially differs from the ones cosidered in this work in the choice
of the test functions 8°h, which are selected as constant functions
in T>i . This algorithm preserves the angular momentum h in case of
torque-free motion but in general does not conserve energy.

The results are shown in Fig. 1 for a total integration time of 6 s,
corresponding to a global rotation 1/r/ of roughly 100 rad. The results
plotted are in terms of the normalized magnitude of the difference
of rotation between the calculated and the closed-form solutions,
noted \\e\\ /tyf. On the basis of the results reported in Fig. 1, we
make the following remarks:

1) Algorithm 1 is highly accurate and its error is less than that
generated by the algorithm discussed in Ref. 3.

2.0E-3

1.8E-3-

1.6E-3-

1.4E-31

^ 1.2E-3-

^ 1.0E-31

8.0E-4-

6.0E-4-

4.0E-4-

2.0E-41

O.OE+0

Algorithm 1
Algorithm 2
Ref. [3]

0 3 4 5
Time

Fig. 1 Torque-free rigid body with axis of material symmetry: nor-
malized magnitude of difference of rotation between calculated and
closed-form solutions (Algorithms 1 and 2 and Ref. 3).
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160-

Fig. 2 Torque-free rigid body with axis of material symmetry: conver-
gence rates of Algorithms 1 and 2.

160

140-

120-

100-

80-

60-

40-

20-

4 5 6
Time

10

Fig. 3 Unstable rotation about axis of intermediate moment of inertia:
kinetic energy (Algorithm 1).

2) The conservation of energy in Algorithm 2 is achieved at the
cost of a decreased accuracy. This result raises an interesting ques-
tion: given the same computational effort, is it much more desirable
to guarantee the conservation of energy or to attain a higher level
of accuracy in the evaluation of the state variables? In the authors'
opinion, although conservation properties lead to rigorous notions
of nonlinear stability, the question remains open.

Figure 2 compares the convergence rates of Algorithms 1 and
2, reporting in log-log plot the error \\e\\ after 1 s of integration as
a function of At~l. It appears clear that, although Algorithm 1 is
slightly more accurate than Algorithm 2, both integration schemes
attain second-order accuracy.

Unstable Rotation About Axis of Intermediate Moment of Inertia
This problem is concerned with the numerical simulation of the

unstable motion of a rigid body about its axis of intermediate inertia,
and it is taken from Ref. 5. The problem statement is the following:

1) A constant torque about the axis of intermediate inertia is
applied to a rigid body initially at rest.

2) At time t = t, the constant torque is removed and a constant
disturbance torque is applied to the body for a duration At. The

140-

120-

100-

80-

60

40-

20-

2 3 4 5 6 7 8 9
Time

10

Fig. 4 Unstable rotation about axis of intermediate moment of inertia:
kinetic energy (Algorithm 2).

1.2 q

1.1 -.
1.0 ~-_
0.9 -E
0.8 -E

0.7 -E

= 0.6 •!

^ 0.4 i

0.3 -E

0.2 -E

0.7 i

-O.Oi

-0.1 \
-0.2

0 4 5 6
Time

to

Fig. 5 Unstable rotation about axis of intermediate moment of inertia:
angular momenta (Algorithm 1).

disturbance torque acts about a direction normal to the initial torque.
3) Then, the body undergoes a torque-free motion.
The time history of the external torque is the following:

0 < t < t
t< t < f + At
t > t + At

where a\ — 20, a2 = 0.2/Af, and f = 2 — At. The convected inertia
dyadic considered in this simulation is J = diag(5,10,1) and the
time step length is At = 0.05.

Figures 3-6 show the results obtained in terms of time histories
of kinetic energy, angular momentum, and norm of the incremental
rotation.

Figures 3 and 4 confirm our proof of the conservation of energy of
Algorithm 2 for the torque-free motion corresponding to t > 2. Note
that, as previously claimed, Algorithm 1 does not conserve energy,
as shown by the ripples appearing in the time history of the kinetic
energy. Threse ripples diminish in amplitude when decreasing the
time step length and essentially vanish for an integration time iterval
At = 0.01.
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Fig. 6 Unstable rotation about axis of intermediate moment of inertia:
norm of incremental rotation (Algorithm 1).

Figures 5 and 6 have been obtained using Algorithm 1, but very
similar results can be produced using Algorithm 2. Figure 5 shows
from a numerical point of view the previously proved conservation
of angular momentum.

Figure 6 depicts the time history of the norm of the incremental
rotation, || x II • The highly oscillating nature of the plot suggests that
the use of a time step length control strategy is an important potential
area for future research efforts.

Conclusions
The problem of rigid-body rotational dynamics has been consid-

ered in the context of a novel Petrov-Galerkin mixed finite-element-
in-time formulation, which readily allows the treatment of initial-
and boundary-value problems. This approach has a physical appeal,
in that it corresponds to an impulsive view of dynamics.

Within this framework, two different second-order accurate al-
gorithms have been developed: the first does not in general guar-
antee the conservation of energy for force-free motion; the second
is unconditionally stable according to the energy method, and it is
marginally less accurate than the former when compared with the
analytical solution.

Details of the linearization and of the step-by-step implemen-
tation have been given and thoroughly discussed. The interesting
performance of the proposed algorithms has been demonstrated in
a number of representative simulations that confirm the results of
the analysis.
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